In this paper, we examine pseudo-Riemannian submanifolds of a pseudohyperbolic space H 
Introduction
The notion of a finite type submanifold of the Euclidean space was introduced by B.-Y. Chen in the late 1970s. Since then the finite type submanifolds of Euclidean spaces or pseudo-Euclidean spaces have been studied extensively, and many important results have been obtained ( [3, 4, 6, 7] , etc.).
In [8] , Chen and Piccinni extended the notion of finite type to differentiable maps, in particular, to the Gauss map of submanifolds. A smooth map φ from generalized Gauss map in Obata's sense is a map which assigns to each p ∈ M n the totally geodesic n-space tangent to x(M n ) at x(p). In the case M m = S m (1) ( or resp. M m = H m (−1)), the generalized Gauss map is also called the spherical Gauss map ( or resp. the hyperbolic Gauss map).
Later, in [15] , Ishihara studied the Gauss map in a generalized sense of pseudoRiemannian submanifolds of pseudo-Riemannian manifolds that also gives the Gauss map in Obata's sense.
Let tangent to x(M n t ) at x(p) is the pseudosphere S n t (1) or the pseudo-hyperbolic space H n t (−1), it determines a unique oriented (n + 1)-plane containing S n t (1) or H n t (−1). Thus, the generalized Gauss map in Obata's sense can be extended to a mapν of M n t into the Grassmannian manifold G(n + 1, m) in the natural way, and the compositionν ofν followed by the natural inclusion of G(n + 1, m) into a pseudo-Euclidean N -space E N q , N = In [9] , Chen and Lue studied spherical submanifolds with finite type spherical Gauss map, and they obtained some characterization and classification results. In particular, they proved that Veronese surface and equilateral minimal torus are the only minimal surfaces in S m−1 (1) with 2-type spherical Gauss map. As it was explained in [9] , the geometric behavior of the classical Gauss map differs from that of the spherical Gauss map. For example, the classical Gauss map of every compact Euclidean submanifold is mass-symmetric, but the spherical Gauss map of a spherical compact submanifold is not mass-symmetric in general.
In [14] , the first author and Bektaş determined submanifolds of the unit sphere S m−1 (1) with non-mass-symmetric 1-type spherical Gauss map, and they also classified surfaces in S 3 (1) with constant mean curvature and mass-symmetric 2-type spherical Gauss map.
There are many results obtained on the finite type submanifolds of hyperbolic spaces, pseudo-spheres and pseudo-hyperbolic spaces [4] [5] [6] . In [12] , the first author studied hypersurfaces of hyperbolic space with 1-type Gauss map, and he provided the classification of hypersurfaces of a hyperbolic space canonically imbedded in Lorentz-Minkowski space E m 1 with at most two distinct principal curvatures and 1-type Gauss map.
Recently, in [13] , we investigated submanifolds of hyperbolic spaces with finite type hyperbolic Gauss map. We characterized and classified submanifolds of the hyperbolic m-space H m (−1) with 1-type hyperbolic Gauss map, and we obtained some results on hypersurfaces of H m (−1) with 2-type hyperbolic Gauss map.
In this work, we study the pseudo- 
Preliminaries
Let E m s denote the pseudo-Euclidean m-space with the canonical pseudoEuclidean metric of index s given by 
where , is the indefinite inner product on E m s and c is a positive real number. Then 
whereĤ andĥ are the mean curvature vector and the second fundamental form
we also have
A pseudo-Riemannian hypersurface M n t of a pseudo-Riemannian manifold M n+1 s is called proper if the shape operator A ξ in a unit normal direction ξ can be expressed by a real diagonal matrix with respect to an orthonormal frame at each point of M n t . A proper hypersurface M n t in H n+1 s (−1) is said to be isoparametric if it has constant principal curvatures. 
Pseudo-Hyperbolic Gauss Map
Therefore, we can identify n+1 E m s+1 with some pseudo-Euclidean space E N q for some positive integer q where N = m n+1 [17] .
Thus, considering the natural inclusion of G(n + 1, m) into E N q , the pseudohyperbolic Gauss mapν associated with x is given bỹ
Now, by differentiatingν from (3.2), we find
Considering that the Laplacian ofν is defined by
by a direct calculation, we obtain that A smooth map φ :
where φ i 's are non-constant E m s -valued maps on M n t such that ∆φ i = λ p i φ i with λ p i ∈ R, i = 1, . . . , k. If the spectral decomposition (3.7) contains exactly k non-constant components, the map φ is called of k-type, [12] .
For a finite type map, one of the components in its spectral decomposition may still be constant. A criteria for finite type maps was given in [13] as follows: A smooth map φ between two pseudo-Riemannian manifolds is said to be harmonic if its tension field τ = div(dφ) vanishes identically. For a harmonic pseudo-hyperbolic Gauss map we have the following. P r o o f. The proof of (i) is similar to that of Proposition 3.2 given in [9] , and the proof of (ii) comes from (2.9) and (3.6).
Submanifolds with 1-Type Pseudo-Hyperbolic Gauss Map
In this section, we examine submanifolds of a pseudo-hyperbolic space
s+1 with 1-type pseudo-hyperbolic Gauss mapν. If the pseudo-hyperbolic Gauss mapν is of 1-type, then we have ∆ν = λ pν from (3.7). , that is, ∆ν = λ pν for some nonzero constant λ p ∈ R. Therefore, from (3.6) we obtain thatν is of 1-type if and only ifĤ = R D = 0, and ĥ 2 is a nonzero constant, i.e., M n t has a zero mean curvature in H m−1 s (−1), the normal bundle of M n t is flat, and from (2.9) the scalar curvature is constant. In [2] , Zhen-qi and Xian-hua determined a space-like isoparametric hyper-
. They showed that a space-like isoparametric hypersurface M in H 
where c 1 , c 2 > 0. In [11] , Cheng gave the following corollary.
Corollary 4.5. Let M be a complete isoparametric maximal space-like hypersurface in an anti-de Sitter space
. Therefore, we obtain the following corollary using Corollary 4.3 and Corollary 4.5. . Therefore,
is a maximal and flat surface, and hence H 1 (−2) × H 1 (−2) has a 1-type pseudohyperbolic Gauss map by Theorem 4.1. 
Therefore, the connection forms ω AB of M coincide with the connection forms of
given by (4.1). As a consequence of the fundamental theorem of submanifolds, M is congruent to an open part of We have stated before that a map may have a nonzero constant component in its spectral decomposition. We will investigate submanifolds of a pseudohyperbolic space H m−1 s (−1) ⊂ E m s+1 with 1-type pseudo-hyperbolic Gauss map having a nonzero constant component in its spectral decomposition. Now we provide the example to be used in the proof of the next theorem. E x a m p l e 4.9. (Space-like surface with flat normal bundle and zero mean curvature vectorĤ in
and If we use (4.6), then equation (3.6) reduces to
(4.7)
If we putc =ν − e 3 ∧ e 1 ∧ e 2 + e 4 ∧ e 1 ∧ e 2 (4.8)
then we haveν =c +ν p . It can be shown that e i (c) = 0 for i = 1, 2, i.e.,c is a constant vector. Using (4.7), (4.8) and (4.9), we arrive at ∆ν p = −2ν p . Thus, M has a 1-type pseudo-hyperbolic Gauss map with nonzero constant component in its spectral decomposition. 
is an oriented isometric immersion from a space-like surface M into H 4 1 (−1), and the pseudo-hyperbolic Gauss mapν of x is of 1-type with nonzero constant component in its spectral decomposition. Then we have ν = λ p (ν −c) for a real number λ p = 0 and for some constant vectorc, from which we get (4.13)
Now, using (4.11) and (4.13), from (4.10) we obtain that ĥ 2 i = 0, i.e., ĥ 2 is constant, which implies that the scalar curvature is constant because of (2.9).
On the other hand, we have That is, b = ε * a with ε * = ±1. Therefore, H = a(ε 3 e 3 + ε * ε 4 e 4 ). Without loss of generality, if we take ε 3 = 1, ε 4 = −1, thenĤ = a(e 3 − ε * e 4 ). AsĤ is parallel, DĤ = 0 implies that a is a nonzero constant. Now, from (4.16) we have a(
ii for i = 1, 2. These give us ĥ 2 = 0. So the scalar curvature S = −2 and the Gaussian curvature K = −1. Hence, from (4.14) we find λ p h 3 ii = −2a and , and hence A 3 = aI, A 4 = ε * aI. Now it is easy to see that ∇ e iĤ = 0, that is,Ĥ = a(e 3 − ε * e 4 ) is a constant vector. It follows from the proof of Theorem 8.1 given in [10] that M is congruent to the surface defined by (4.5) which is totally umbilical with constant zero mean curvature vector and of curvature −1.
The converse of the proof follows from Example 4.9.
Lemma 4.11. Let M n t be a pseudo-Riemannian hypersurface with index t in has a flat normal bundle, and ĥ 2 is constant. On the other hand, the scalar curvature is constant by (2.9). Thus, Theorem 4.1 implies that M n t has the 1-type pseudo-hyperbolic Gauss mapν withc = 0. This is a contradiction, and thusĤ = 0.
Case (b):Ĥ = 0. We observe that the term D e iĤ ∧ e 1 ∧ · · · ∧ e n appears only in (∆ν) i , not in e i (ν). Hence, considering (3.3), (4.22) and (4.23), we obtain that DĤ = 0. Then M n t has a nonzero parallel mean curvature vectorĤ in 
